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SEMI-NARROW CHANNELS
by
James Bigelow

Consider a channel or passage connecting compartments A and B that
is wide enough so that two particles in the channel can pass one another.
It is the purpose of this paper to derive the laws giverning the flow of par-

ticles in either direction through such a channel.

Side A »8 *b%ab " be side B
a b

The position of a particle in the channel can be found by projecting
the centers of all the particles onto the axis of the channel. If a parti-
cular point is k from the left, then the particle to whose center the point
corresponds is in the kth position. The assumption is that the centers of
any two particles will project onto different points of the axis.

An event occurs if a particle enters the channel from either side A or
B . It may either strike a given particle in the channel with probability
r , or bypass it with probability s =1 - r . If it bypasses the particle,
it will contirue moving, and either strike or bypass the next partici: a-
long its path. If, cn the other hand, it strikes (say) particle k , the
moving particle comes to rest in position k , and the struck particle moves
in the direction of the original motion. Thus, if a particle enters from
A , any particle it strikes will move toward B . Also, once a particle is
moving, it follows the same laws of motion as the entering particle.

We have assumed here that the probability r , that a moving particle
strikes a stationary particle in position k , is independent of k . With
or without this assumption, however, when an event occurs, exactly one par-
ticle will move to position k and one particle will continue beyond po-
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sition k for every k . Hence, the motion traverses every position in
the channel, and any particle may be struck.

If we adopt these laws of motion, we may conclude that if a particle -
enters from A , sooner or later a particle, though not necessarlly the
same one, will exit into side B ., Hence, the channel always holds the same
number of particles n . We let n be the lengtﬁ of the channel,

We will assume that simultaneous entries from both sides do not occur.
Similarly, we shall say that once a particle enters the channel, it is such
a short time before some particle leaves the channel as a result, that nc
other entry occurs before this happens. This assumption is stronger than
necessary, but it has the advantage of simplicity.

Finally, we let 'p' be the probability that the next entry will be
from side A , and q = 1 - p be the probability that the next entry will be
from side B . Then we can calculate the probability that a particle in po-
sition k will move toward (say) side B .as a result of an entry. Clearly
this requires an entry from side A , and that some combimation of particles
hitting and bypassing others results in the particle ‘pich is moving
striking particle k , when the motion reaches position k . For k= 1 |

clearly,

pr(particle 1 moves toward B) = pr

For k = 2 , the entering particle may miss particle 1 and hit 2, with prob =

prs , or hit 1, which then strikes 2, with prob = pr2 . Thus,

pr(particle 2 moves toward B) = prs + pr2

= pr(s +'r)
= pr

Similarly, for k = 3 , the entering particle cun miss 1 and 2, and hit
Lo



3, with prob = prse, or miss 1 and hit 2, which then strikes 3, with prob =

grgs, or it can hit 1, which then may miss 2 and hit 3, with prob = przs, or

the entering particle may hit 1, which may hit 2, which in turn strikes 3,

with prob = 2r3 . Then:

pr(particle 3 moves toward B) = prs2 + 2pr25 + pr3

= pr(s2 + 2rs + r2)
= pr(str)?

= pr

In general, there are (ksl) wvays in which J of the first k-1 par-

ticles may move while the others stand still., Hence, the probability that

this occurs is Jjust:

pr(exactly J of the first k-1 are struck) = (1(31)1"151(-""l

and the probability that the k> will be struck is just:

k-1
pr(k will move toward B) = pr EE: (1(31)1"’:;l§-‘1.l
J=0

= prr+s)<7t
= pr

One can argue this another way. Since r 1is the probability that the

moving particle will hit a given particle, r should be the probability
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that the given particle will be hit by the moving particle. Thus pr 1is
the probability that it is hit from A , and hence moves toward B . Simi-
larly, the probability that particle k will move toward A 1is qr . Then
the probability that k will move is pr + qr = r , and the probability
that it remains stationary is a result of an entry is l-rms s ,

Now it is easy to calculate the probability that particle k , once it
is moving toward B , will jump to position J , for J > k . It must miss

all the (J-k-1) particles between, with probability sJ=X-l and strike

J . Thus,
e3%1e 12 55k
pr(k = J | k moves tcward B) = {5 if J=k
o . otherwise
5971 11 4 <k
and pr(k - J | k moves toward A) = {8 it J=k
0 otherwise

Hence, we can easily calculate the unconditional probability that k will
move to J as a result of the next entry.
pr(k - J) = pr(k - J |k moves towar§ B) » pw(hcwmmwys'§ovard B)
+ p(k -+ J |k moves toward A) « pr(k moves toward A)

r28,;1-1(-1

P 1f 35>k
or plk= )=  qroe™ i iIf J¢k
8 if J= k

We list below all the possisle movements k can undergo &s a result of an
entry and their probabilities, as well as the probability of movements
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which originate or end at either side A or B .
1) For a particle in the channel at position k to move to position

J , as a result of the next entry:

prgs"'k'l , it 3> k
p(k » ) ={ar?s*9Tir ek
's , iIf J =k

l

2) For a particle in the channel at position k to move to either

side:

p(k - side B) = prsn-k

p(k - side A) = qre®~t

3) For a particle entering the channel to come to rest at position

k :

p(side A » k) = prsk'l

p(side B+ k) = grs

4) For a particle tc move from one side to the other, never striking

a particle in the channel:

p(eide A -+ side B) = pg”

p(side B + side A) = gs"

What we wish to find is the probability f, that a particle will move

A

from side A to B given an entry, and the probability fB of a movement
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from B tc A .

n
I.-K n
fA"’(er yk+°>

k=]

n
k-1_ n)
fB- O(Z rs yk+ ]
k-1

(1) ﬁ

where Y = the probability of finding an 'a' particle in position k ,
?k = 1-y, = the probability of finding a 'b' particle in position k .

Thus, we must first find an expression for the y's and y's . However,

if the channel is in steady state, this is not hard to do.

(2) Yy * 5y, + prs T+ § prost d7ly 4 ; qrlede1y
k J J
Jm1 Juk+l

Fortunately, it is unnecessary to solve for all of the yk's explicitly.

n
n-k n
fA- Z prs yk+ps
km]
n-1l
T n-k n
= /) Prs y +Ppry +ps
k=1
n-1
But y_ = sy + prsn"l + Z przsn-k-lyk :
k=l



If r¥0,

= oeD"1 4 q54 rsn-k-l
S P Yy

k=l

n-1

or sy, = ps" + }:‘ prs” "y
k=]

So: f, = (pr + s)yn - (l-qr)yn

(3)

Similarly, £_ = (qr + 5)51 = (1-pr)§l

B

As for the special case r = 0 .

Then £, mp, £f_=q (from (1) ), and the equations (2) reduce to:

A B
e * Yk
1- n-1
Lemma 1, Yy, = 21——351——- for 0 r<1l, vhere D = the determinant
n Dn ? n
of
!T‘ -qr -qu . . . . . -qrsn-e'
-pr 1 -qr . . . . . -qre®3
-prs -pr 1 -qrs
i . :
,-pren'2 -prs?”3 -prsn'h 1

{ —_—

Note that this matrix, post-multiplied by the vector (¥, , ¥, ,,..,yn)T ,
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should yield p(1, s,se, —_— ,sn-l )T

, 1f equations (2) are to be satisfied
for r ¥ 0 .

Proof: Following Cramer's rule,

l "qr "qu e o o P !
-pr 1 -1 . . . P8 '
|
- _ . |
Dnyn prs pr 1 ps .
L] L ] [ '

_prsn-2 -prsn- 3 pBn-l

We can move the last column (which is Just the right-hand side of the prob-
lem noted) to the first position. Since it will pass (n-1) columns, this
will change the sign by (-1)p-1 ,

w2 |
P 1 -qr qrsn 3
pPs -pr 1
2
n-1 ps =-prs -pr
. . . 1 ! i
: n-1 n=-2
ps -prs -pr

By successively adding (-s) times a row to the row below it (starting with

row n-l) , we achieve an upper-triangular structure.

(-s-pr) Garbage

Dy = (-s=pr)

(-8-pr)

What the garbage is does not matter, for the determinant of the matrix is

Just the product of its diagonal terms.



n-1 n-1 n-1 n-1
(-1)" "Dy, = p(-s-pr)" = = p(l-qr)” "(-1)
Hence,
n-1
- l-qr
(4) ye D

(The restriction on r is necessary to put equations (2) into the ap-

propriate fo-m. )

Corollazz
n-1
T o3 1-pr
(5) ¥ &
n

This follows from the symmetry of the problem.

Lemma 2. Consider Dn as a function of p . Then

Dn(P) = R(l-grgrjq- a(1-pr)” for p ¥ 1/2

D,(1/2) = . }iznn(p)

Proof: Dn(p) is a determinant. Hence, it is defined as a polynomial in

\

P , in this case, considering r fixed. Thus, as defined, Dn(p) is con-

tinuous in p .

1f Dn(p) as derived = Dn(p) as defined, for all p s 1/2 , then

1lim D _(p) &as derived is the same as 1lim D (p) as defined = D (1/2)
n ,’n n
p-+1/2 p~1/2

as defined.



Hence, if we CBR show that:

n n
(6) Dn(P) - P(l'qr) p:qq(l'PrL

we are Justified in letting

Dn(l/e)- lim Dn(p) .
p+1/2

To show (6), look at D+

l .
n-1
1 -qr qrs -qrs
-pr 1 qQr
Dn o " -prs -pr 1
-qr
-pr rsn"l -pr 1

Adding (-s)x the second row to the first and expanding on the new first

row, we get:

o (n)

Dpyp = (L #prs)D + (s +ar) (-r) (-1)" Dy,

n+

where yln) = the probability of finding an ‘'a' in positicn one of a tun-

nel of length n .

Letting yin ) 1 - §£n) , and substituting fram the corollary of Lem-
ma 1,

n
D41 ™ (1-qr) D, * qr(l-pr) :

We could have added (-s)x the second column to the first and expanded on
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the new first column Jjust as easily. This would yield:

n
D" (1-pr) D, + pr(l-gr)

For p # 1/2 , these two expressions can be solved for D .

pr(l-qr)” - pr(l-pr)"
(1-qr) - (1-pr)

D =
n

or

p(1-gr)” - q(1-pr)°
p-q

D =
n

(This proof is due to Dr. S. Levin. An alternate inductive proof is also

possible.) Q.E.D.

Now e can prove:

Theorem 1 (fA - f )=p-q, independent of n and r .

)

Proof: Trivial for r = O , since fA = p, and fB = q .,

(3) For r % 0, £, * (l-qr)yn

f = (l-pr );l

So:
n-1 n-1
5 oa e p(l-qr) ~ _ (1-pr)a(l-pr)
fy = fp = (1-ar) D D
n n
_ p(-gr)® - q(1-pr)”
(p(l-qr)n - Q(l-pr)n)
P-q
(7) £, - Tp=Pa QslE:: D

o e



Perhaps more interesting is

Theorem 2: f n

—— A_plar) | e 0grgl .
g n
B q(l-pr)

a)

A:

Proof: At r = 0 , & , from the special case mentioned earlier., At

oo/
el ite]

any other r ,

£, (t-ar)y, p(-ar)®/p,

B T, s,

(8) ‘AL pQ-ar)?

fB QCL'pI’ )n QQE!D.

fA and fB are merely probabilities that flow will occur in one di-

rection or the other as a result of a single entry. To calculate the ac-
tual rate of flow we must replace the probability of an entry from either
side with the rate at which entries from either side occur, For a chemical
solution, we allow these rates on either side to be proportional to the
concentration of the entering particles on that side, but not necessarily
with the same proportionality factor. Differ:2nces could occur because of a
temperature difference, a pressure difference, or an electric potential dif-
ference between the ends of the channel.

Also, since many different types of particles might enter from either
side, we must let the entry rate from each side to be a weighted sum of the
concentrations of the entering particles. The weights will be called entry
constants, and designated by (for side A) and ™ (for side B) .
Similarly, C, = concentration of the ith entering species on side A 3

i
=15



C{ = concentraticn on side B .

Then P=Kk /. “ici
= t !
1=k Eij MiCy
Now define
N L
A = 2 = 11
q 'C'
e
B = l-qr At R
l-pr 1 + s
Then:
(9) F, = (20,080 ==
1-g\
1-)

F_= (2 uic)
B 4 =1 l’Bnk

Let us examine the theory.

I. ILimiting Cases

As s = O we should have a tunnel. But, lim B = X . Hence,
s=0

n, 1=\
F, »=Z2y.C, A (—=)
A 11 !
1-)
F.=2Zpu/C! (—=.)
B o] L APtL

-13-



- - ] )
and BN hbs = (z 1y Cy ) ”1C1)

These two equations characterize a tunnel. Hence, this limiting case is va-
1id.

As s - 1 we should approximate simple diffusion. Note that

lim B =1 .

s~»1
Thus, FA = Z uiCi
tre
Fp = ZuCy
Hence,
F
(11) £
B
- = trvt
Fy - Fy= Zu,C - Zpulc

Again, these equations characterize simple difrfusion.

II., Approximation

We cen try to approximate a semi-narrow channel by a composite channel;
that 1s, a weighted average of a free diffusion path and a narrow tunnel.

We can assign weighted n to the tumnel and (1-n) to the diffusion path.

If FT, FP and FS denote flow through the tunnel, diffusion path, and semi-

’

narrow channel, we wish:

-1k-



n Fg + (1-7) F‘g - F‘g
Substituting:
T, omf 1 ) D Sn o /' 1-)
n <; C, A ( B - (J-nuCc_ = u"C B )
a l_)\m+l Jy) a a AN l-an
or

e (2 ) - 2]

1-8°\

'r‘-
HESEN
l_xm#l

where the n = the length of the semi-narrow channel,which i1s known, and

m = the length of the tunnel, which is to be determined.

s( 1-x> b
7} ¥

1-8")

n'
T <j 1-)\ ‘> _ D
H m+l H

1-A

For an exact solution, we must have ﬁ = 7 . This condition is satis-

fied if we let:

D S
H o =u
and uT = uS
Then 1 and n reduce to:
n mtl
nen= (1-g)(1-x"")

(1-8"1)(1-2")

-15-



Think of 1 as a function of ) , and let X\ -+ O . Then

n(0) = 1 - s® , since B = %—;F%E .
If n 1is to be constant, then:
(1-7) (1) = (1-87) (18" (147) :

Or, substituting for B,

[(1+28)® = (WS )P) [2-2a2*1) = (1-5P)[(1428)° - A(x S)PI(1-2D) .

Comparing constant and first order coefficients of both polynomials, we get

that these relations must hold:

(1-s%) = (1-5") (constant terms) .
and
(nAs - nsn'lx) = (1-5%)[mrs - ASP] (first-order terms) .
Or
Sn-2 - Sn-l - Sn - S2n-l .

This is clearly untrue. Thus, a semi-narrow chanmnel is not a composite.

However, if we examine 1 more, we see that

+
l.l__‘en_)‘ml_*ﬁn)‘lﬁl

1 - an - xm + Bn)‘m+l

n

Restricting n (<1,

1 - Bn - Xm+l . anm+l < = an _ >~m " Bpkm 1 .

-16-



Or

B2(n = 1) < A" - 1)

Thus,

g ¢ \" for A > 1

Bn > A" for A <1 .

If we graph the two functions of 2\ , that is, Bn and xm , we see

the following:

If, for some region around A = 1 , we can choose m 8o that:

Bn‘ xm)
then wve have 1 = 1 , and that for A\ near 1 , the semi-narrow channel of

-17-



length n acts like a tunnel of length m . We find the value m by equa-

ting the derivatives at A = 1 . This is a first-order approximation.

Now

Evaluating at A = 1 ,

l-75
m=n 1l+95 |

Notice that as n gets very large, the approximation is valid over a
larger and larger range. In fact, for n -+ e« , the semi-narrow channel be-
comes a tunnel, just as for n -+ O, the semi-narrow channel is the gawe as

a diffusion path.

ITII. Flows Against the Gradient

Notice that the flow 'l& of the 1" entering species is just:

PR ber
Tl BRI B O B Y

Even 1if piCi 'Y u{C{ provided B>1, and n 1is large enough, i.e., if

u,C
s 1L orir

Gy 1

[

K
< ;% 5n we can have species 1 flow against its
i

OIO

gradient. Note here that when X\ > 1 , then 8> 1 , and B ¢ A\, so that

-18-



a tunnel of length n will transport species 1 agt.‘nst a higher gradient

than a semi-narrow channel.

IV. Diffusion vs. Osmotic Diffusion Coefficients

In the human red blood cell, measurements of permeability to water are
made in two ways. If an actual osmotic pressure is introduced, the net rate
of flow of HQO can be measured and an osmotic coefficient calculated. If

osmotic balance is achieved, a diffusion coefficient can be calculated from

the unidirectional water flow as measured with labeled water, or DHO. The

surprising fact is that:

Hosm 25 Haire.

Such a difference is readily explained by this theory. lLet us propose
channels of a semi-narrow type through which only water flows, to a first and
probably good approximation. Then we assume equal temperature and pressure
on both sides of these chanrels, and we say that water is unaffected by the
membrane potential. Thus, the entry constants are the same from each side.
Finally, we treat DHO as if the chairnel carnot distinguish it from H2O .

If there is an osmoti~ gradient:

F‘A - FB = ,(Cc-C'") .

Thus,

osm

Now, if osmotic equilibrium is the case, then \ = g = 1 ., But:

-19-



lim ( Lk ) = 1lim J——-l-k)

n
1-g\ Ats \n

=1 Aol 1-nfns)

Using L'hopital's Rule: = .
l-5
n Trs +1

and Bairee ™

n + 1

1+

Clearly, for s <1, Hiipe < Mogm If we put in n ubers:

T

O5R - n%%i%% +1= 2,5
Haier

To calculate r , let:

d = the diameter of an entering particle, where we
assume all particles are of equal size.
D = diameter of the channel, letting both be circular.

Then to enter the channel, the center of the particle must be somewhere in

an area e
-
« N 3

A 4 U

N

e . NC

If the particle is to strike another, the centers of the two particles must
be within d of one another, giving a "striking area" of
2

s - nl

«20=



We let r = % - = 5 , wvhen this is less than one., Hence,
(D-d)
2
d 5 for d < g
(D-d)
r=
1 , for D > g

Now, the size of a water molecule is said to be about 3K , and the
length of the channel, which we assume is Jjust the thickness of the membrane,
is 100A . Assuming close packing of particles in the channel (i.e., each

molecule requires only 3X of length).

100
PPl e

Thus, if
l-8
“(ﬁs)'lﬁ
8 m 91k

orr= 086
This glves D = 13.22 3
This model thus predicts that water channels will have a diameter of
13.2K . Solomon has indirectly measured the channel:s and calculates that
their diameter is about 103 . We are, then, at least in the right ball park.
If we do not assume close packing, and instead let fewer water molecules re-
side in thc channel, then the channel diameter is smaller. Thus, 13.2A is

W
an upper bound. Similarly, EQEE may be greater than 2.5 . This is the
dire

=2] -



smallest measurement in the literature. As the ratio grows, the channel will
shrink.

Although the mathewdtics are ironclad, this model of flow through semi-
narrow channels is only an approximation to what may really happen. Some of '
its weaknesses are obvious. For example, we assumed that the probability r
of a hit was independent of the position in the channel which the struck par-
ticle occupied. One might relax this assumption and subscribe to the belief
that particles near the end of the channel should be easikr (or harder) to
hit than those in the center, One reason that particles near the end of the
channel might escape being struck as often as those in the center could be
that center particles could be packed more densely than the end particles,
and hence fill up a greater part of the cross-sectional area of the center

of the channel., In the figure, one can see how this might operate.

_ O
— O O

The moving particle would be certain to strike one of the particles.

A second weakness of the model is that it a&ssumes that any particle
which enters the channel has the same chance of hitting a given particle
k as any other entering particle , whereas one entering particle may be of
a different size than another, If, for example, we suppose that two parti-
cles of different sizes are permitted in the channel with diameters d1 < d2 ,
a particle of type 1 would be less likely to strike another of type 1 than of
type 2 . Similarly, a particle of type 2 would be less likely to strike one
of the first type than the second. In fact, & channel could act like a tunnel

to the larger particle, and a semi-narrow channel to the smaller. If, for

example, d2 - g + ¢ , and dl <4 g » then we might have a channel operating as

a tunnel ror large particles (type 2) and as a free diffusion channel for the

- 2P



small (type 1) particles. Alternately, a large particle might act as an
effective plug to smaller ones, and hence slow down or stop what would other-

wise be nearly free diffusion. In short, this model can and should be re-

fined,
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